An example in calculating Arc Length
Yue Kwok Choy
(1) Formulas

2
Let y = f(x) be differentiable function, arc length L = fab 1+ (—) dx

d dx) 2
If x=h(y), L= 1+(d—;) dy

2 2
For parametric equation: x =u(t),y=v(t),a<t<B, L= ff (dx) + (%) dt.

dt
2
For polar equation: r =f(8),a <t<f, L= ff\IFZ T (%) do

(2) Example

Find the arc length of the parabola y? = x from (0,0) to (1,1).
This problem looks easy, but it needs quite a lot of integration techniques. You need to pay more
attention on how to handle the problem rather than the tedious calculations in the followings.

Method 1

2 _ dx _
y —x=>dy—2y

Arclength, L= fol,/l + (2y)2dy

Let 2y =tan®, dy =%sec26d6.
When y=0,06=0. When y=1,0 =tan"12.

tan~'2 1 1 ctan~12 1 rtan~12
L= foan J 1+ (tan0)? (Eseczede) = Efoan sec30do =5an“ sec0d(tan )

tan~12 -1 -1
=Esec 0 tan 6] — %fotan ®tan 0 d(secB) = %(\/ﬁ)(Z) — %fotan ?tan? 0 sec H dO

0

1 1 -1
=5 —%fotan *(sec?0 — 1) sec0d® =5 — %fotan ? sec30do +%f0tan ? sec0do

-1 )
=5 —L+ %f;an 2secB(secO+tanb) 40 =vE—1L+ %Itan 2 d(sec8+tan )

secO+tan® 0 secO+tan 0
tan~12
=+/5—-L+ [lln(sece + tan 6)]
2 0
2L =5 +-In(V5 + 2)

L=3[V5+3In(V5 +2)| ~ 1.4789428575446



Method 2

For those who understand Ayperbolic functions, the calculations are easier.
Use the substitution 2y =sinh6. dy = %cosh 0do.

Arclength, L= folw/ 1+ (2y)2dy = f;inh_l(z) 1 + (sinh 0)2 (% cosh Gde)

sinh 20 sinh™*(2)
2 ]0

_1 sinh~? P sinh™1(2) 1+cosh 26 _1
=27, cosh? 8d0 =3 [/ et =2[o+

: sinh~1(2 )
= i[@ + M} [9 + sinh 64/1 + (sinh 6)

sinh~1(2)
2 0 ]

:% [sinh=1(2) + (2)(V5)] = i[z\/E + sinh™1(2)] ~ 1.4789428575446

I love this method, short and nice!

Method 3

VZ=x>y=Vx= % = L& (Note that we only need the positive branch of the parabola.)

1 4x+1
L= [l |1+ (M) de= [ [1+—dx=f [%Xd
Let t= 22 —ox=—-—1_t#—1andt#1

4x 4 (1-t2)
t

dx = — 2(12-1)2
When x =0, t =o0. Whenx:l'tzg

V5 NG 5

Y t 4t
L=fcx§ t(_ 2(t2_1)2 )= __fog tz 1)2

We have to express the integrand in partial fractions, observe that:

42 2t \2 1 12 1 1 2 1 1 1 1
(t2-1)2 (t2—1) - (E T E) T (t+1)2 T (t-1)2 T t+D(t-1)  (t+1)2 T t-12 ' t-1 t+1
V5
S 4 411 _1 1 t=1\]2
- f [(t+1)2 (t—1)2 + t—1  t+1 de 8 [t+1 + t—1 In (t+1)]00

V5
1] 1 1 1
= —l\/_ +\/_ - - ln<2 >l ~ 1.4789428575446
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Method 4

1

VZ=x>y=Vx= dX ==

L= [ 1+(2L&)201x=f01 14—

4x+1

Consider 1= —f

dx. Put u=

T ,4x+1 ,4x+1 1| [ax+1 1 1
- f _Zl f d I Zl 24x+1>( dex)

1 4x+1 1 1
o E lX\’ X T Ef Jx(4x+1) dX]

| a1
==|x [—+=] dx| =
Zl X 4 24

Put u? = x* —a? = 2udu =

The last integral is a standard integral E = [ \/xgxfaz which can be solved easily as:

dx du dx+du d(x+u
= oxdx = H - _ = Sxtw)
X u+x X+u

E—fm fdx fd(x+u) In(x+uw) +c=In(x+Vx*—a2) +c

Therefore,

I=%[xﬁ+%ln(x+%)+\/(x+

=-[V5+2In _(1+%)+\/(1+




