
An example in calculating Arc LengthAn example in calculating Arc LengthAn example in calculating Arc LengthAn example in calculating Arc Length    Yue Kwok ChoyYue Kwok ChoyYue Kwok ChoyYue Kwok Choy    (1)(1)(1)(1)    FormulasFormulasFormulasFormulas    
 Let  y = f(x) be differentiable function, arc length L = # $1 + &'(')*+,- dx 
 If x = h(y), L = # $1 + &')'(*+'/ dy 
 For parametric equation:  x = u(t), y = v(t), α ≤ t ≤ β,  L = # $&')'6*+ + &'('6*+78 dt. 
 For polar equation: r = f(θ), α ≤ t ≤ β, L = # $r+ + &';'<*+78 dθ 
 (2)(2)(2)(2) ExampleExampleExampleExample   Find the arc length of the parabola Find the arc length of the parabola Find the arc length of the parabola Find the arc length of the parabola ?@ = A    from from from from (B, B) CD (E, E)....     This problem looks easy, but it needs quite a lot of integration techniques. You need to pay more  attention on how to handle the problem rather than the tedious calculations in the followings.   Method 1Method 1Method 1Method 1    
 y+ = x ⟹ ')'( = 2y 
 Arc length , L = # I1 + (2y)+JK dy 
 Let  2y = tan θ, dy = J+ sec+θdθ. 
 When  y = 0, θ = 0.  When y = 1, θ = tanNJ2. 
 L = # I1 + (tan θ)+6-OPQ+K &J+ sec+θdθ* = J+ # secRθdθ =6-OPQ+K J+ # sec θ d(tan θ)6-OPQ+K  
  =SJ+ sec θ tan θTK

6-OPQ+ − J+ # tan θ d(sec θ)6-OPQ+K = J+ V√5Y(2) − J+ # tan+ θ sec θ dθ6-OPQ+K  
  = √5 − J+ # (sec+θ − 1) sec θ dθ =6-OPQ+K √5 − J+ # secRθdθ + J+ # sec θ dθ6-OPQ+K6-OPQ+K  
  = √5 − L + J+ # Z[/ <(Z[/ <\6-O <)Z[/ <\6-O < dθ6-OPQ+K = √5 − L + J+ # '(Z[/ <\6-O <)Z[/ <\6-O <6-OPQ+K  
  = √5 − L + SJ+ ln(sec θ + tan θ)TK

6-OPQ+ 
 2L = √5 + J+ lnV√5 + 2Y 
 L = E@ S√] + E@ ^_V√] + @YT ≈ E. abcda@c]b]aae    



    Method 2Method 2Method 2Method 2                    For those who understand hyperbolic functionshyperbolic functionshyperbolic functionshyperbolic functions, the calculations are easier. 
    Use the substitution  2y = sinh θ. dy = J+ cosh θdθ. 
 Arc length , L = # I1 + (2y)+JK dy = # I1 + (sinh θ)+ZgOhPQ(+)K &J+ cosh θdθ* 
   = J+ # cosh+ θdθ =ZgOhPQ(+)K J+ # J\/iZh +<+ dθ = JjZgOhPQ(+)K Sθ + ZgOh +<+ TK

ZgOhPQ(+) 
   = Jj Sθ + +ZgOh < /iZh <+ TK

ZgOhPQ(+) = Jj Sθ + sinh θI1 + (sinh θ)+TK
ZgOhPQ(+) 

   =Jj ksinhNJ(2) + (2)V√5Yl = Ea k@√] + mn_oNE(@)l ≈ E. abcda@c]b]aae    
    I love this method, short and nice!     Method 3Method 3Method 3Method 3        
 y+ = x ⟹ y = √x ⟹ '(') = J+√)  (Note that we only need the positive branch of the parabola.) 
 L = # $1 + & J+√)*+JK dx = # $1 + Jj)JK dx = # $j)\Jj)JK dx 
 Let  t = $j)\Jj) ⟹ x = − Jj (JN6s) , t ≠ −1 and t ≠ 1 
  dx = −  6+( 6sNJ)s dt 
 When x = 0, t =∞.  When x = 1, t = √v+  
 L =# t√wsx &−  6+( 6sNJ)s dt* = − Jy # j 6s( 6sNJ)s

√wsx dt 
  We have to express the integrand in partial fractionspartial fractionspartial fractionspartial fractions, observe that: 
  j 6s( 6sNJ)s = & +66sNJ*+ = & J6\J + J6NJ*+ = J(6\J)s + J(6NJ)s + +(6\J)(6NJ) = J(6\J)s + J(6NJ)s + J6NJ − J6\J 
 L =− Jy # S J(6\J)s + J(6NJ)s + J6NJ − J6\JT√wsx dt = Jy S J6\J + J6NJ − ln &6NJ6\J*Tx

√ws  
 = Jy z J√ws \J + J√ws NJ − ln {√ws NJ

√ws \J|} ≈ E. abcda@c]b]aae    
        



    Method 4Method 4Method 4Method 4        
 y+ = x ⟹ y = √x ⟹ '(') = J+√)   
 L = # $1 + & J+√)*+JK dx = # $1 + Jj)JK dx = # $j)\Jj)JK dx 
    Consider   I = J+ # $j)\J) dx.            Put  u = j)\J) ,     du = − J )s dx 
    I = J+ # $j)\J) dx = J+ zx$j)\J) − # x d$j)\J) } = J+ �x$j)\J) − # x � J

+$���Q�
� &− J )s dx*� 

  = J+ zx$j)\J) + J+ #  JI)(j)\J) dx} = J+ �x$j)\J) + Jj #  J
$)s\��

dx� = J+ �x$j)\J) + Jj #  J
$&)\Q�*sN&Q�*s dx� 

             Therefore, 
 I =J+ �x$j)\J) + Jj ln z&x + Jy* + $&x + Jy*+ − &Jy*+}�

K

J
 

  = J+ �√5 + Jj ln z&1 + Jy* + $&1 + Jy*+ − &Jy*+}� − Jy ln Jy ≈ E. abcda@c]b]aae    
 

The last integral is a standard integral E = # ')√)sN-s which can be solved easily as: 
 Put u+ = x+ − a+ ⟹ 2udu = 2xdx ⟹ ')� = '�) = ')\'��\) = '()\�))\�  
 E = # ')√)sN-s = # ')� = # '()\�))\� = ln (x + u) + c = lnVx + √x+ − a+Y + c 
 


